In the way of proving Kneser's conjecture, László Lovász settled out a new lower bound for the chromatic number. He showed that if neighborhood complex N (G) of a graph G is topologically k-connected, then its chromatic number is at least k + 3. Then he completed his proof by showing that this bound is tight for the Kneser graph. However, there are some graphs where this bound is not useful at all, even comparing by the obvious bound; the clique number. For instance, if a graph contains no complete bipartite graph K l,m , then its Lovász's bound is at most l + m − 1. But, it can have an arbitrarily large chromatic number.
Introduction
Ingenious proof of the well-known Kneser conjecture by Lovász [7] , is based on introducing a topological lower bound for the chromatic number of a graph. To state his bound, let us first recall some definitions and set up our notation. The neighborhood complex N (G) of a given graph G is the simplicial complex whose simplicies are all subsets of vertices which have a common neighbor. Here and subsequently, the geometric realization of a simplicial complex K will be denoted by ||K||. A topological space X is called k-connected if for every −1 ≤ m ≤ k, each continuous mapping of the m-dimensional sphere S m into X can be extended to a continuous mapping of the (m + 1)-dimensional ball B m+1 . Here S −1 is interpreted as ∅ and B −1 a single point, and so (−1)-connected means nonempty. In another words, a non-empty topological space X is k-connected if all the homotopy group π i (X) are Email address: hr.daneshpajouh@ipm.ir, hr.daneshpajouh@phystech.edu (Hamid Reza Daneshpajouh) trivial, for all i = 0, · · · , k. The largest k such that X is k-connected is called the connectivity of X, denoted by conn(X). A simplicial complex is called k-connected if its geometric realization is k-connected. Finally, the chromatic number χ(G) of a graph G is the smallest number of colors needed to color the vertices of G so that no two adjacent vertices share the same color. Now, we are in a position to recall the Lovász bound.
Theorem 1 ( Lovász's bound [7] ).
On the other hand, recall that a known and obvious lower bound of any graph G is the clique number ω(G) of G, i.e. χ(G) ≥ ω(G). Now the natural questions arise: In general, how much the Lovász bound can be close to the chromatic number? Or in compassion by the clique number, can the Lovász bound give a better approximation than the clique number, in general? There are Several examples that shows the Lovász bound is not very useful. For instance, if a graph contains no complete bipartite graph K l,m , then its Lovász's bound is at most l + m − 1 [2] . But, it can have an arbitrarily large chromatic number [4] .
Even, in comparison with the clique number, we cannot hope for a better result. For example, in [6] author shows that the connectivity of the neighborhood complex of a random graph is almost always between of the expected clique number. As another example, in [1] authors construct a sequence of graphs {G(m)} ∞ m=1 such that: lim
where c is a constant number.
Main part
In this section, we state and discuss the main results of this note. Definition 1. Let H and K be connected non-bipartite graphs with disjoint vertex sets V (H) and V (K), respectively. Fix x ∈ V (H), and y ∈ V (K). Let G Hx,Ky be obtained by taking H, K and attaching a path of length 2 by one its endpoints to x and the other one to y. In other words, G Hx,Ky is a graph with vertex set V (H) ∪ V (K) ∪ {z} and edge set E(H) ∪ E(K) ∪ {{x, z}, {y, z}} where z / ∈ (V (H) ∪ V (K)).
Before we proceed, we need to recall a definition. Let {(X i , x i )} i∈I be a family of pointed topological spaces, i.e., topological spaces with distinguished base points x i . The wedge sum i X i of the family is the quotient space of the disjoint union of members of the family by the identification all x i , i.e, i X i = i X i /{x i : i ∈ I}. In other words, the wedge sum is the joining of several spaces at a single point. Note that, in general, the wedge sum depends on the choice of base points. However, for simplicity, we omit base points from the notation when they are clear from context. Now we are in a position to state and prove our main theorem. Theorem 2. Let H and K be connected non-bipartite graphs with disjoint vertex sets V (H) and V (K), respectively. Fix x ∈ V (H), and y ∈ V (K). Then ||N (G Hx,Ky )|| is homotopy equivalent to ||N (H)|| ∨ ||N (K)|| ∨ S 1 . In particular, conn(||N (G Hx,Ky )||) = 0.
Proof. Throughout the proof, for a graph F and a vertex ν ∈ V (F ), CN F (ν) denotes for the set of all neighbors of ν in F . Let us write K = N (G Hx,Ky ). We can split K into three simplicial subcomplexes as follows.
Here is an illustration of the structures of ||K 1 ||, ||K 2 ||, and ||K 3 ||:
Note that N (H) ⊂ K 1 , and N (K) ⊂ K 2 are created by attaching cones over CN H (x) and CN K (y), respectively. Also, K 1 ∩K 2 = {z}. So, we can contract ||K|| to X = ||N (H)||∨ ||N (K)|| ∪ ||K 3 ||. On the other hand, it is not hard to see that the neighborhood complex of a connected non-bipartite graph is always path connected. So, ||N (H)|| and ||N (K)|| are path connected as well. Thus, X is path-connected. Finally, we can move gradually the endpoints of K 3 , ||x|| and ||y||, inside X to the point ||z||. In summary, we have
Here is an illustration of the procedure that we described above:
For the second part, we are going to use van Kampen's theorem [5] . Since any simplicial complex is locally contractible, by using van Kampen's theorem, we get
On the other hand ||N (G Hx,Ky )|| is pathconnected, i.e., π 0 (||N (G Hx,Ky )||) = 0. Thus, conn(||N (G Hx,Ky )||) = 0.
As a corollary of above theorem, we give a new example of a connected graph containing an arbitrary large bipartite subgraph with additional properties that gaps between its chromatic number, clique number, and Lovász bound are arbitrarily large. Consider positive integers l, m and 2 ≤ p ≤ q. Let T be a triangle-free graph with the chromatic number q; for construction such graphs see [3, 4, 8] . Let K p and K l,m be the complete graph and complete bipartite graph, respectively. Also, without loss of generality, suppose that
, and d ∈ V (T ). Now, let H be obtained by taking K l,m , K p , and T and connecting a to c, and b to d, by two different edges. In other words, H is a graph with the following vertex set and edge set:
Now, fix an arbitrary vertex s ∈ V (H). It is easy to check that the graph G Hs,Hs has the following properties, χ(G Hs,Hs ) = q, ω(G Hs,Hs ) = p, K l,m ⊆ G Hs,Hs . But, by Theorem 2, its Lovász bound is trivial, i.e., 3. In conclusion, we have the following corollary. Corollary 1. For given positive integers l, m and 2 ≤ p ≤ q, there is a graph which contains a copy of K l,m , and its chromatic number, clique number, and Lovász's bound are q, p, and 3, respectively.
